We shall show that there is a effectively computable upper bound of the heights of solutions for an inequality in Roth-Ridout's theorem.
Introduction
Liouville proved in 1844 that if ζ is an algebraic number of degree n ≥ 2, then there exists a constant A such that ζ − h q > A q n for all rational number h q , where q and h are integers. The proof is given in, for example, Baker [1] . Since then, more precise results were proved. In 1955, Roth [8] proved his celebrated theorem on Diophantine approximation and Ridout [7] obtained a p-adic generalization of Roth's result. Ridout's result is as follows:
Let p 1 , · · · , p t be distinct primes. Suppose the equation a n x n + a n−1 x n−1 + · · · + a 0 = 0, where n ≥ 2 has rational integer coefficients, and has a root ζ in a real field and a root ζ i in the p i -adic field for any i = 1, · · · , t. Then, if κ > 2, the inequality
has at most a finite number of solutions in rational integers h, q with (h, q) = 1.
Corvaja [2] [3][4] [5] and others proved some results concerning upper bounds of heights of such rational integers(See also, Schmidt [9] ). But these results are not "completely" effective. Briefly speaking, these results are as follows: Let s 1 , · · · , s m be such rational numbers and H i be the height of s i for 1 ≤ i ≤ m. Suppose m > m 0 and H i > c i for 1 ≤ i ≤ m − 1, where m 0 and c 1 are effectively computable constants depending on ζ and c i 's are effectively computable constants depending on a 0 , · · · , a n and H 1 , · · · , H i−1 . Then H m < C, where C is a effectively computable constant depending on a 0 , · · · , a n and H 1 , · · · , H m−1 . Now m must be taken to be large and no upper bound for H 1 is given. Thus these results are noneffective. It is well known that Gel'fond-Baker's method gives "completely" effective results, but any result given by Gel'fond-Baker's method is far from best-possible in view of the estimate for κ. The purpose of this paper is to prove a completely quantitative version of Roth-Ridout's theorem: Theorem 1.1. Let p 1 · · · , p t be distinct primes and f (x) = a n x n + a n−1 x n−1 + · · · + a 0 be a polynomial of degree ≥ 2 and with integral coefficients of absolute values at most A. Suppose the equation f (x) = 0 has a root ζ in a real field and a root ζ i in the p i -adic field for any i = 1, · · · , t. Then, if κ > 2, the inequality (1) has at most a finite number of solutions in rational integers h, q with (h, q) = 1, and the upper bound for |h| , |q| can be effectively computed in terms of κ, n, A, p 1 , · · · , p t .
One of main ideas of Roth-Ridout's method lies in supposing there exist rational numbers h1 q1 , · · · , hm qm , where h i and q i are rational integers with (h i , q i ) = 1, satisfying (1) with h = h i , q = q i and some inequalities involving q i 's and h i 's and derive a contradiction. Our new idea lies in weakening the conditions for h1 q1 , · · · , hm−1 qm−1 . In fact, we shall prove that there exists infinitely many rationals satisfying the new condition in Lemma 2.3.
Priliminary Results
Firstly, we define the index of polynomials and use some results on it, following the work of Ridout [7] . Let P (x 1 , · · · , x m ) be any polynomial in m variables which does not vanish identically. Let α 1 , · · · , α m be any real numbers, and r 1 , · · · , r m be any positive numbers. Expand
Then the index θ of P at the point(α 1 , · · · , α m ) relative to r 1 , · · · , r m is the smallest value of m i=1 ji ri for all sets of nonnegative rational integers j 1 , · · · , j m for which c(j 1 , · · · , j m ) = 0.
Clearly, the index of the derived polynomial
ki ri . We define R m (B; r 1 , · · · , r m ) to be the set of non-zero polynomials R(x 1 , · · · , x m ) of m variables, of degree at most r j in x j for j = 1, · · · , m, and with integral coefficients of absolute values at most B, and define Θ m (B; h1 q1 , · · · , hm qm , r 1 , · · · , r m ) to be the upper bound of the index θ(R) of a polynomial R(x 1 , · · · , x n ) the point ( h1 q1 , · · · , hm qm ), for all polynomials in the set R m (B; r 1 , · · · , r m ). We will introduce Ridout's version of Lemma 7 in Roth [8] .
Lemma 2.1. Let m be a positive integer and let δ be a positive real less than m −1 . Let r 1 , · · · , r m be positive rational integers satisfying
Next, we prove a complementary result concerning Diophantine approximation. Before doing it, we need a lemma.
Then, for any positive number ǫ, there exist positive rational integers a 1 , · · · , a t such that
Proof. The lemma is valid for t = 1. Indeed, then aj bj t i=1 aibi = 1 = Γ 1 . We assume that it is valid for t = n, and we proceed to prove the validity for t = n + 1.
Let ǫ ′ be a positive real number less than ǫ such that
These simultaneous inequalities hold for sufficiently small ǫ ′ . By inductive assumption, there exist positive rational integers a 1 , · · · , a n
Since the above inequality holds with a i replaced by Ca i , where C is an arbitrary nonnegative rational integers, we can make T arbitrarily large.
Since
we can choose a 1 , · · · , a n such that (m+1)bn+1
Choosing such a 1 , · · · , a n , it is clear that there exists a positive rational integer a n+1 such that
We have for j = 1, · · · , n
and by (2),
In a similar way, the lower estimate follows, and the lemma follows by induction.
Suppose that the congruence f (x) = 0 mod p t has a solution for any i = 1, ..., t. Then, for any positive number ǫ, there exists infinitely many pairs of rational integers q, h satisfying
where H = max{|q| , |h|}.
Remark 2.4. We believe that (3) still holds with ǫ = 0. Clearly, it is true for t = 1. If this conjecture is true, it gives a p-adic generalization of Dirichlet's theorem. But we cannot prove it. Lagarias [6] proves a complementary theorem:
Then there exist α 0 , α 1 , · · · , α N and c 0 > 0 such that the inequality min{1, |qα 0 − h|}
where H = max{|q| , |h|}, has infinitely many solutions.
Proof. By Lemma 2.2, there exists positive integers e 1 , · · · , e t such that
Let n be a positive rational integer and N = t i=1 p nei i . Let S be the set of pairs of integers (q, h) satisfying 0 ≤ q ≤ N and 0 ≤ h ≤ N . Then we have #S ≥ (N + 1) 2 > N 2 = #(Z/N 2 Z). Now, by supposition, there exists an element m in Z/N 2 Z such that m ≡ a n ζ i mod p 2ei i for all i = 1, · · · , t by a well-known lemma of Hensel. Thus the set S contains two distinct pairs of integers (q 1 , h 1 ) and (q 2 , h 2 ) such that
i for all i = 1, · · · , t. Thus we have, for sufficiently large n,
2−ǫ for sufficiently large N and N goes to ∞ with n. This proves the lemma.
Next, we shall prove a modification of Lemma 8 in Roth [8] .
Lemma 2.5. Let r 0 , · · · , r m be positive integers and a 0 , a 1 , κ, λ, λ ′ be positive real numbers satisfying a 1 < κ ≤ a 0 and κ
We define S m (a 0 , a 1 , κ; r 0 , · · · , r m )
Then S m (a 0 , a 1 , κ; r 0 , · · · , r m ) ≤ 2m 1 2 λ ′−1 (r 0 + 1)(r 1 + 1) · · · (r m + 1).
Proof. First we observe that S m (a 0 , a 1 , κ; r 0 , · · · , r m )
we have S m (a 0 , a 1 , κ; r 0 , · · · , r m )
Thus, by Lemma 8 of Roth [8] , we conclude that S m (a 0 , a 1 , κ; r 0 , · · · , r m ) ≤ 2m 1 2 λ ′−1 (r 0 + 1)(r 1 + 1) · · · (r m + 1).
This is the result which we wish to prove.
Proof of the Theorem
To prove the theorem, it suffices to prove the following lemma; indeed, provided that the Lemma holds, the theorem is derived following the proof of theorem in Ridout [7] .
where H = max{h, q}, have at most finitely many solutions in integers h and q satisfying (h, q) = 1 and the upper bound of H is effectively computable in terms of κ, n, A, p 1 , · · · , p t , Γ 0 , · · · , Γ t .
We suppose that there exist infinitely many solutions for the simultaneous inequalities (5) has infinitely many solutions and we shall derive a contradiction.
Let m be a positive rational integer which will be chosen later. Let h j , q j (j = 1, · · · , m) denote rational integers and define H j to be max{h j , q j }. Moreover, let ǫ be a positive number such that
Clearly, we can assume without loss of generality, Γ i > 0 for i = 1, ..., t and therefore |qζ i − h| pi < 0 has a solution for i = 1, ..., t. Thus, by Lemma 2.3, we can choose rational numbers h1 q1 , · · · , hm qm such that h q =
hj qj satisfies the simultaneous inequalies (3) for j = 1, · · · , m − 1, h q = hm qm satisfies (5), and
We can assume, without loss of generality, that κ < 2 + m −2 . We can choose δ so small that the follolwing inequalities hold:
and δ 2 log q 1 > 2m + 1 + 2m log(1 + A) + 2m log(1 + |α|).
Furthermore, we choose a positive rational integer r m sufficiently large to satisfy r m > 10δ −1 (10) and put
and we write r = (r 1 + 1) · · · (r m + 1) for brevity. We observe that (7) and (6) implies
Hence we obtain from (11) and (12)
for j = 2, · · · , m − 1, and
From these inequalities, we deduce that
(16) Define c i , a, λ, γ, η, B by
Now (14) and (15) imply
and these imply
Moreover, (8) implies η < γ.
Since λ > 8 and κ a < 2+m −2
Now we choose m. For sufficiently large m, we have
For sufficiently small δ we have
which is equivalent to
Now we consider all of the polynomials
where the coefficients c(s 1 , · · · , s m ) assumes independently all nonnegative integral values at most B 1 . We call such polynomials satisfy the B 1 -property. The number of such polynomials is N = (B 1 + 1) r . We consider the derivatives
By Lemma 2.5, the number D of such derivatives satisfies
Divide the polynomial W j1,··· ,jm (x, · · · , x) in a single variable x by f (x) and denote the remainder by T j1,··· ,jm (W ; x). The coefficients in each derived polynomial W j1,··· ,jm (x, · · · , x) have absolute values at most
We Observe that if W (x) is a polynomial of degree d > n and height at most W , then W (x) − w d x d−n f (x) is a polynomial of degree at most d − 1 and height at most W (A + 1). Hence, by (9), T j1,··· ,jm (W ; x) has coefficients with absolute values at most
Thus the number of distinct sets of D remainders is less than N ; for the number is clearly less than (1 + B 1+3δ 1 ) nD and, by (26) and (33) the definition of λ ′ we have nD(1 + 3δ) ≤ 2(1 + 3δ)nm
and therefore
Hence there exists two distinct polynomials W 1 and W 2 with the B 1 -property such that, putting W = W 2 − W 1 , W j1,··· ,jm (x 1 , · · · , x m ) is divisible by f (x) for all j 1 , · · · , j m satisfying (31). Hence the index of W at the point (ζ, · · · , ζ) relative to r1 a , · · · , rm−1 a , rm κ is at least κγ. Furthermore, it is clear that W is a polynomial with integer coefficients of absolute values at most B 1 .
By Lemma 2.1, the index of W at the point ( h1 q1 , · · · , hm qm ) relative to r 1 , · · · , r m is less than η. Hence there exists some derivative Q(x 1 , · · · , x n ) = W k1,··· ,km (x 1 , · · · , x n ), with m j=1 kj rj < η, such that Q( h1 q1 , · · · , hm qm ) does not vanish. From a trivial estimate
we deduce that if m−1 i=1 a ji ri + κ jm rm ≤ κ(γ − η), then Q j1,··· ,jm (ζ, · · · , ζ) = 0.
Since the coefficients in each derived polynomial Q j1,··· ,jm (x 1 , · · · , x m ) = W k 1 + j 1 , · · · , k m + j m (x 1 , · · · , x m ) have absolute values at most B 1+2δ 1 , we obtain from (9) 
Now we consider a rational integer Q = m i=1 q ri i Q( h1 q1 , · · · , hm qm ). First we write for brevity, I = m−1 j=1 a ij rj + κ im rm . We note that, by (24) 
Now, if Γ 0 = 0, then we have for any i 1 , ..., i r such that Q i1,...,ir (ζ, ..., ζ) does not vanish, 
